Abstract: We propose appearance of Exceptional Point (EP) in a real parameter space, in a novel type of Hermitian model. This is possible because the constraint structure changes discontinuously at the EP leading to a coalescence of a full tower of quantum (Harmonic Oscillator) states. We also find interesting consequences of complexifying the parameter space. We show that this model is a descendant of a well known relativistic field theory in 1 + 1-dimension-the bosonized Chiral Schwinger Model -and in the latter the features of EP are retained. We show that higher order equations of motion for the field theoretic massless modes are similar to the recently studied Pais-Uhlenbeck oscillator modes [5] .
EPs have been restricted to finite dimensional (classical and quantum) mechanical models where the presence of EP is entirely dictated by the behavior of the energy value over the parameter space, specifically near the EP.
In the present paper we wish to report the presence of a novel type of EP that has three new features: (I) The existence of EP is dictated only partly by the behavior of the energy in the parameter space but more importantly by a non-perturbative (or discontinuous) change in the constraint structure of the system as one reaches the EP. This leads to a far more drastic change in the energy spectrum and at the EP a full mode (or a complete tower of quantum states) merges together that is reminiscent of the conventional coalescence of energy levels at EP [1, 3] and specially [4] . Similar structures have also appeared in the context of Pais-Uhlenbeck oscillator model [5] .
(II) We show that there is an immediate generalization of our model to 1 + 1-dimensional relativistic quantum field theory where the features of the EP are fully retained. In fact the field theory in this particular instance is a very well studied one -the bosonized Chiral Schwinger Model (CSM) [6, 7] .
(III) The EP occurs at a real value in parameter space. We have also studied the extension to complex parameter space. In the latter case we find additional real energy states that are absent in the real parameter space. However, in the field theory [6] one is restricted to real values of the parameter [6, 7] .
It is clear by now that we are studying a theory with constraints and we work in the Hamiltonian formulation of constrained systems, as formulated by Dirac [8] (see also [9] ). At the EP the system has a First Class Constraint (FCC) and possesses a local gauge invariance whereas in rest of the parameter space the system has Second Class Constraints (SCC) only with no extra symmetry. (See below for a lightning review of Dirac's formalism [8] ).
Essentially due to the extra symmetry at the EP the system is dynamically more restricted and that accounts for the loss of one dynamical mode as a whole at the EP. The energy also changes from complex to real ones as one crosses the EP. We stress that the presence (or absence) of local gauge invariance at a point in the parameter space is the decisive element in positing the existence of EP in our model.
Particle Model: Let us consider the following Lagrangian,
where an overdot represents the derivatives with respect to time and a and e are numerical parameters. A 0 , A 1 , φ constitute the dynamical variables. The somewhat unconventional notation will become clear when we connect with the field theory [6] , where A i , i = 0, 1 and φ will become electromagnetic gauge potentials and a scalar field respectively with e being the electric charge. Hence, although not mandatory, we prefer to keep e unchanged and explore the parameter space by varying a. As we show below, a = 1 is an EP in the theory.
= 0 leads to the Hamiltonian:
The canonical Poisson brackets are
We use the metric g µν = diag(1, −1) and ǫ 01 = 1.
We provide a very brief outline of Dirac's formalism for constrained systems, relevant for our purpose. Primary constraints, that follow from defining the momenta, are appended to the Hamiltonian with arbitrary Lagrange multipliers and time persistence of constraints will either generate new constraints or fix the multipliers. Once the full set of constraints is in hand they are classified as FCC or SCC according to whether the constraint Poisson bracket algebra is closed or not, respectively. For consistent imposition of the SCCs one defines the Dirac brackets between two generic variables A and B,
where ψ i are a set of SCC and {ψ i , ψ j } is the constraint matrix. For SCCs this matrix is invertible and since {A, ψ i } DB = {ψ i , A} DB = 0 for all A one can implement ψ i = 0 strongly.
Hence, SCCs induce a change in the symplectic structure whereas presence of FCCs signal local gauge invariances in the system. For FCCs one is allowed to choose further constraints, known as gauge fixing conditions so that these together with the FCCs turn in to an SCC set and these will also give rise to Dirac brackets. Subsequently one quantizes the Dirac brackets.
In the present case, time persistence of the primary constraint: ψ 1 ≡ π 0 ≈ 0 leads to the secondary constraint:
for a = 1 the set ψ i is SCC and use of (3) leads to the Dirac brackets:
, {A 1 , π 1 } DB = −1 , {φ, π} DB = 1 and the reduced Hamiltonian,
It is crucial to note that for a = 1 the constraints ψ i commute, i.e. {ψ 1 , ψ 2 } = 0 and hence are FCC and the system has to be dealt in a completely different way which we will come to later. But suffice it to say that a = 1 has a special significance and is actually an EP as we demonstrate later.
From the following equations of motion:φ = {φ,
2 A 1 we recover the spectra:
From the bracket {(π − eA 1 ), (π 1 + eφ)} DB = 0 we find that the model is, in fact, free. For convenience we rename the variables:
and (x 2 , p 2 ) constitute two independent canonical pairs. The Hamiltonian and dynamical equations are,
Clearly we are dealing with a Harmonic Oscillator (HO) and a decoupled free particle.
Since p 2 is a constant with suitable boundary condition we put p 2 = 0 and end up with H = .
Notice that the HO frequency, or equivalently the quantized HO energy becomes complex for a < 1 and is real for a > 1. Apparently the energy diverges for a = 1 signalling a singularity. However, as we have already mentioned, we have to treat the a = 1 case separately since the constraint structure shifts from SCC to FCC for a = 1. We show that the theory is indeed regular at a = 1 but with a different spectra. a = 1: Let us return to the starting Lagrangian (1) and put directly a = 1,
Similar analysis as before now yields the momenta: π =φ + eA 0 , π 0 = 0 , π 1 =Ȧ 1 + eφ and the Hamiltonian:
Now we have three constraints: π 1 ≡ x we find just the trivial dynamics of a free particle:
This shows that the HO excitation is absent for a = 1 due to additional (gauge) symmetry in the system that further restricts the dynamical content. Physically as a → 1 the HO frequency diverges so that its motion averages out and the excitation drops out from the spectrum. But this amounts to the coalescence of energy levels because as one approaches a = 1 from a < 1 (see Figure 1 ) it appears that the imaginary part of the frequencies
will end up at ∓∞ respectively (and hence will not meet) but that is not the case since at a = 1 the HO energy is effectively zero. Hence as we have pointed out before, the full tower of HO states coalesce to the ground state. Situations where HO frequency goes to zero at EPs have been discussed in [4] . But as we have emphasized our case is qualitatively different. In all the figures we have taken e = 1.
Complex a: As we mention below, in the field theoritic model [6] a is a real number but
for the present particle model we are free to consider complex a = a 0 + ia 1 and a priori we have a non-hermitian model in (1) . The explicit form of energy for complex a is, and against a 1 (keeping a 0 fixed) respectively. In Fig. 2 , the different values of a 1 are: Fig. 3 , the different values of a 0 are: 0(blue), .
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For a 1 = 0 it reduces to the previous one (7). However, we find new results by requiring ω to be real even with complex a (a 1 = 0). We find two interesting consequences: (i) There is a non-trivial relation giving rise to the separate bounds:
Using (12) we find that ω reduces to real values ω = ±e √ 2a 0 and the singularity of ω disappears. Furthermore, we can have real and positive energies even for | a |= (a 0 ) 2 + (a 1 ) 2 <
1. This can be contrasted with real a where only a > 1 will yield positive and real energy as in (7).
(ii) For a 1 = 0, due to the relation (12), a restriction is imposed on the real part a 0 .
Again for real a there appears no such restriction apart from a > 1 as in (7).
Discussion of the Figures 2-5:
In case of the Figures (2-5) we have taken the positive part of ω from the expression ().
Similar analysis could be done with the negative part. In Figures 2 (and 3 ) we plot Re[ω] vs.
a 0 (a 1 ) keeping a 1 (a 0 ) fixed. In Figure 2 notice that a 1 = 0 (blue line) is singular at a 0 = 1 .
5(red), 1(yellow), 2(green).
(as in Figure 1 ) but for non-zero a 1 values the lines are not singular near a 0 = 1. In Figure   3 also a 0 = 1 (yellow line) diverges at a 1 = 0 since that corresponds to a 0 = 1 from (12). We now show that for complex a energy can be real and ω < 2 contrary to the case for real a where ω ≥ 2. As an example we put ω = 1 in the energy expression (7) . It gives a = (1 ± i √ 3)/2 and from Figure 5 we find that for a 0 = 0.5, Im[ω] = 0 (yellow line) at a 1 = ± √ 3/2. Also from Figure 3 for a 0 = 0.5 (red line) we find Re[ω] = 1 for a 1 = ± √ 3/2.
In fact for 2 > a 0 > 0 all the states having energy < 2 are now allowed.
(QUANTUM) FIELD THEORETIC MODEL: Now we come to the parent field theory action in 1 + 1-dimensions, that is the CSM [6, 7, 10, 11] :
which explicitly turns out to be
where in () we have dropped a total time derivative term and in all the further calculations we will use the expression (). Notice that in the limit of ignoring the spatial dependence (thereby dropping space derivatives) () reduces to (1) and (8) (when a = 1). The parameter a, known as the Jackiw-Rajaraman (JR) parameter appears in the bosonized model () as a result of regularization ambiguity in evaluating the fermion determinant [11] . It is taken as a real number. a = 1: From the momenta:
, we obtain the Hamiltonian:
and two constraints: ψ 1 = π 0 , ψ 2 =ψ 1 = {ψ 1 , H} = (a − 1)e 2 A 0 + eπ − ∂ 1 π 1 satisfying the algebra: {ψ 1 (x), ψ 2 (y)} = −(a − 1)e 2 δ(x − y). Again for a = 1 the constraints are SCC . We eliminate A 0 and π 0 using the constraint equations and for rest of the variables we see that the Dirac brackets remain same. The reduced Hamiltonian is:
which yields the spectra, consisting of a Klein-Gordon scalar σ = π 1 + eφ and a harmonic
The theory is consistent for a > 1 otherwise there are tachyonic excitations. These modes reduce to the previously computed spectra (7) when the space dependence is ignored.
We directly put a = 1 in (),
and obtain the Hamiltonian
Now there are three constraints,
Using Dirac's procedure [8] we find that ψ 1 is an FCC and ψ 2 , ψ 3 constitute an SCC pair.
Here the canonical bracket between the variables (φ, π) remains unchanged. Using the constraint equations the we have the Hamiltonian and a single massless mode h = (∂
which agrees with the spectrum in the particle limit. This shows that the characteristic features associated with a = 1 in the previously analyzed model remain intact in the field theory as well.
Note that in both a = 1 and a = 1 cases the massless modes satisfy higher derivative equations. In particular h in (21) satisfy a fourth order equation that is clearly reminiscent of the mode dynamics in Pais-Uhlenbeck oscillator [5] .
In passing we make a generic comment. Notice that presence of gauge invariance fixes the value of a to a = 1. An analogous situation prevails in the bosonization of the vector Schwinger model [7, 10] which has gauge symmetry and expectedly no arbitrary parameter appears in its bosonized version.
CRANKING (PARTICLE) MODEL AND MAXWELL-CHERN-SIMONS-
PROCA (FIELD) THEORY:
We briefly mention the connection between the Cranking Model [13] which is well known in Nuclear Physics and also recently studied [4] in the context of EP and its close connection with a widely studied relativistic field theory in 2 + 1-dimension :-the Maxwell-Chern-Simons-Proca (MCSP) model [12, 14, 15] . We show that the connection is similar as the model (7) and CSM () considered before if we drop the spatial derivatives. We consider the two-particle Lagrangian [14, 15] :
Using the momenta
ǫ ij x j we find the Cranking Model Hamiltonian [4] ,
We have scaled the masses to unity. After Bogoliubov transformation the above Hamiltonian becomes diagonal where the energy eigenmodes are given by:
From here presence of EPs are discussed in [4] .
We emphasize that this model can be obtained from MCSP model,
by ignoring the space dependence and dropping the decoupled A 0 term. Taking account of the constraints in (25) using the Dirac prescription [8] we find
Applying the following nonlocal canonical transformations
the Hamiltonian becomes decoupled in the form:
Now M 1 , M 2 are identical to ω ± in (24) and again ignoring spatial derivatives the above becomes identical to the spectra (24). This is our advertised correspondence.
It will be interesting to study the behavior of the field theories near the singular points in parameter space, from the perspective of Exceptional Points.
